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ABSTRACT

We present an efficient algorithm to find a good solution to
the Unique Games problem when the constraint graph is an
expander.

We introduce a new analysis of the standard SDP in this
case that involves correlations among distant vertices. It
also leads to a parallel repetition theorem for unique games
when the graph is an expander.
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UNIQUE GAMES is a constraint satisfaction problem where
one is given a constraint graph G = (V, E), a label set [k] and
for each edge e = (u,v), a bijective mapping . : [k] — [k].
The goal is to assign to each vertex in G a label from [k]
so as to maximize the fraction of the constraints that are
“satisfied,” where an edge e = (u,v) is said to be satisfied
by an assignment if u is assigned a label i and v is assigned
a label j such that mu,(i) = j. The value of a labeling
A:V — [k] is the fraction of the constraints satisfied by it
and is denoted by val(A). For a UNIQUE GAMES instance
U, we denote by opt(if) the maximum value of val(A) over
all labelings. This optimization problem was first consid-
ered by Cai, Condon, and Lipton [3]. The Unique Games
Conjecture (UGC) of Khot [12] asserts that for such a con-
straint satisfaction problem, for arbitrarily small constants
n,¢ > 0, it is NP-hard to decide whether there is a labeling
that satisfies 1 — n fraction of the constraints or, for every
labeling, the fraction of the constraints satisfied is at most
¢ as long as the size of the label set, k, is allowed to grow as
a function of n and (.

Since its origin, the UGC has been successfully used to
prove (often optimal) hardness of approximation results for
several important NP-hard problems such as MIN-2SAT-
DELETION [12], VERTEX COVER [14], Maximum CUT [13],
GrAPH COLORING [8], and non-uniform SPARSEST CUT [5,
15]. However, one fundamental problem that has resisted
attempts to prove inapproximability results, even assum-
ing UGC, is the (uniform) SPARSEST CUT problem. This
problem has a O(+y/logn) approximation algorithm by Arora,
Rao, and Vazirani [2], but no hardness result beyond NP-
hardness is known (recently, in [1], a PTAS is ruled out un-
der a complexity assumption stronger than P # NP). In
fact, it seems unlikely that there is a reduction from UNIQUE
GAMES to SPARSEST CUT, unless one assumes that the start-
ing UNIQUE GAMES instance has some expansion property.
This is because if the UNIQUE GAMES instance itself has a
sparse cut, then the instance of SPARSEST CUT produced
by such a reduction also has a sparse cut (this is certainly
the case for known reductions, i.e. [5, 15]), irrespective of
whether the UNIQUE GAMES instance is a YES or a NO in-
stance. This motivates the following question: is UNIQUE
GAMES problem hard even with the promise that the con-
straint graph is an expander? A priori, this could be true
even with a very strong notion of expansion (as some of the
authors of this paper speculated), leading to a superconstant



hardness result for SPARSEST CUT and related problems like
MINIMUM LINEAR ARRANGEMENT.

In this paper, we show that the UNIQUE GAMES problem is
actually easy when the constraint graph is even a relatively
weak expander. One notion of expansion that we consider
in this paper is when the second smallest eigenvalue of the
normalized Laplacian of a graph G, denoted by A := A2(G),
is bounded away from 0. We note that the size of balanced
cuts (relative to the total number of edges) in a graph is also
a useful notion of expansion and the results in this paper can
be extended to work in that setting.

Our main result.
We show the following theorem in Section 2:

THEOREM 1.1. There is a polynomial time algorithm for
UNIQUE GAMES that, given n > 0, distinguishes between the
following two cases:

e YES case: There is a labeling which satisfies at least
1 — n fraction of the constraints.

e NO case: FEwvery labeling satisfies less than 1 —
O(% log(%)) fraction of the constraints.

A consequence of the result is that when the UNIQUE GAMES
instance is (1 —n)-satisfiable and A > 7, the algorithm finds
a labeling to the UNIQUE GAMES instance that satisfies 99%
of the constraints. An important feature of the algorithm
is that its performance does not depend on the number of
labels k.

Comparison to previous work.

Most of the algorithms for UNIQUE GAMES (which can
be viewed as attempts to disprove the UGC) are based on
the SDP relaxation proposed by Feige and Lovész [9]. Their
paper showed that if the UNIQUE GAMES instance is unsatis-
fiable, then the value of the SDP relaxation is bounded away
from 1, though they did not give quantitative bounds. Khot
[12] gave a SDP-rounding algorithm to find a labeling that
satisfies 1 — O(k*n'/®log(1/n)) fraction of the constraints
when there exists a labeling that satisfies 1 — 7 fraction of
the constraints. The SDP’s analysis was then revisited by
many papers. On an (1—n)-satisfiable instance, these papers
obtain a labeling that satisfies at least 1 — f(n, n, k) fraction
of the constraints where f(n,n,k) is /nlogn in Trevisan
[22], v/nlog k in Charikar, Makarychev, and Makarychev [4],
nvlognlogk in Chlamtac, Makarychev, and Makarychev
[6], and nlogn via an LP based approach in Gupta and
Talwar [10]. Trevisan [22] also gave a combinatorial al-
gorithm that works well on expanders. On an (1 — 7)-
satisfiable instance, he showed how to obtain a labeling sat-
isfying 1 —nlognlog % fraction of the constraints. All these
results require 7 to go to 0 as either n or k go to infinity in
order to maintain their applicability!. Our main result is the
first of its kind where under an additional promise of a nat-
ural graph property, namely expansion, the performance of
the algorithm is independent of k and n. Furthermore, our
analysis steps away from the edge-by-edge analysis of previ-
ous papers in favor of a more global analysis of correlations,
which may be useful for other problems. We also provide

'On the other hand, the UGC allows k to grow arbitrarily
as a function of 7, and therefore, all known algorithms fall
short of disproving UGC.

an integrality gap for this SDP to show that, quantitatively,
our main result is tight up to log factors.

We note that if we impose a certain structure on our con-
straints, namely if they are of the form I'MAX2LIN, our re-
sults continue to hold when A is replaced by stronger re-
laxations for the expansion of G, similar in spirit to the
relaxations obtained by SDP hierarchies [18, 16, 17]. In par-
ticular, we show that A can be replaced by the value of such
a relaxation for expansion of G after a constant number of
rounds.

Application to parallel repetition.

Since our main result shows an upper bound on the in-
tegrality gap for the standard SDP, the analysis of Feige
and Lovész [9] allows us to prove (see Section 3) a par-
allel repetition theorem for unique games with expansion.
We show that the r-round parallel repetition value of a
UNIQUE GAMES instance with value at most 1 — ¢ is at most
(1 —Q(e- A/log 1))". In addition to providing an alternate
proof, when \ > e?log(1/e), this is better than the gen-
eral bound for nonunique games, where the best bound is
(1—Q(£*/log k))" by Holenstein [11], improving upon Raz’s
Theorem [19]. We note that recently, Safra and Schwartz
[21] also showed a parallel repetition theorem for games with
expansion, and their result works even for general games.
Also, Rao [20] has proved a better parallel repetition theo-
rem for, so called, projection games, which are more general
than unique games. His result does not assume any expan-
sion of the game graph.

Randomly generated games.

For many constraint satisfaction problems such as 3SAT,
solving randomly generated instances is of great interest.
For instance, proving unsatisfiability of formulae on n vari-
ables and with dn randomly chosen clauses seems very diffi-
cult for d < y/n. Our results suggest that it will be hard to
define a model of probabilistic generation for unique games
that will result in very difficult instances, since the natural
models all lead to instances with high expansion.

2. MAIN RESULT

Let U = (G(V, E), [k], {Tuv } (u,0)c ) be a UNIQUE GAMES
instance. We use the standard SDP relaxation for the prob-
lem, which involves finding a vector assignment for each ver-
tex.

For every u € V, we associate a set of k orthogonal vectors
{ui,...,ux}. The intention is that if i¢c € [k] is a label for
vertex v € V, then u;, = \/El, and u; = 0 for all i # 4o.
Here, 1 is some fixed unit vector and 0 is the zero-vector. Of
course, in a general solution to the SDP this may no longer
be true and {ui,usz,...,ur} is just any set of orthogonal
vectors.

Our proof will use the fact that the objective function (1)
can be rewritten as

1~ iBecunenBicn || — Vauo (5)

2.1 Overview

Let U = (G(V, E), [k], {Tuv } (u,0)cE) be @ UNIQUE GAMES
instance, and let {u;},cv,ic[x) be an optimal SDP solution.
Assume wlog that its value is 1 —17), since otherwise we know
already that the instance is a NO instance. How do we
extract a labeling from the vector solution?



Maximize Ee:(u,v)eEEie[k] <u,<,v,ru,u(i)> (1)

Subject to
YVueV Eie[k] ||I.LLH2 =1 (2)
YueV Vi#j (us,u;) =0 (3)
VuveV Vij (us,v;) >0 (4)

Figure 1: SDP for UNIQUE GAMES

Constraint (2) suggests an obvious way to view the vec-
tors corresponding to vertex u as a distribution on labels,
namely, one that assigns probability label ¢ to u with proba-
bility ¢ lu;||>. The most naive idea for a rounding algorithm
would be to use this distribution to pick a label for each
vertex, where the choice for different vertices is made inde-
pendently. Of course, this doesn’t work since all labels could
have equal probability under this distribution and thus the
chance that the labels 4, j picked for vertices u, v in an edge
e satisfy me(7) = j is only 1/k.

More sophisticated roundings use the fact that if the SDP
value is 1 — n for some small 7, then the vector assignments
to the vertices of an average edge e = (u, v) are highly corre-
lated, in the sense that for “many” 4, (Wi, Vr()) > 1 — Q(n)
where u; denotes the unit vector in the direction of u;. This
suggests many rounding possibilities as explored in previous
papers [12, 22, 4], but counterexamples [15] show that this
edge-by-edge analysis can only go so far: high correlation for
edges does not by itself imply that a good global assignment
exists.

The main idea in our work is to try to understand and
exploit correlations in the vector assignments for vertices
that are not necessarily adjacent. If u,v are not adjacent
vertices we can try to identify the correlation between their
vector assignments by noting that since the v;’s are mutu-
ally orthogonal, for each u; there is at most one v; such
that (;,¥;) > 1/v/2. Thus we can set up a maximal par-
tial matching among their labels where the matching con-
tains label pairs (4, j) such that (W;,¥;) > 1/v/2. The vector
assignments to the two vertices can be thought of as highly
correlated if the sum of squared £2 norm of all the u;’s (resp,
all v;’s) involved in this matching is close to k. (This is a
rough idea; see precise definition later.)

Our main contribution is to show that if the constraint
graph is an expander then high correlation over edges neces-
sarily implies high expected correlation between a randomly-
chosen pair of vertices (which may be quite distant in the
constraint graph). We also show that this allows us to con-
struct a good global assignment. This is formalized below.

2.2 Rounding procedure and correctness
proof

Now we describe our randomized rounding procedure R,
which outputs a labeling Aaz: V' — [k]. This uses a more
precise version of the greedy matching outlined in the above
overview. For a pair u, v of vertices (possibly nonadjacent),
let ouy: [k] — [k] be a bijective mapping that maximizes
Eicy <ui, Voo (i) >; note that it can be efficiently found using
max-weight bipartite matching. The procedure is as follows:

1. Pick a random vertex u.

2. Pick a label i for u from the distribution, where every
label i’ € [k] has probability % |lu,||*.

3. Define Aaig(v) := 0wy (i) for every vertex v € V.

(Of course, the rounding can be trivially derandomized since
there are only nk choices for u,1.)

To analyse this procedure we define the distance p(u,v)
of a pair u, v of vertices as

1 2
p(u,0) = 5B [[ws = Vo, | (6)
=1-E;c <ui,vow(i>> (using (2)).
We think of two vertices w and v as highly correlated if
p(u,v) is small, i.e., Bic (Wi, Voo, ) ~ 1.

The following easy lemma shows that if the average vertex
pair in G is highly correlated, then the above rounding pro-
cedure is likely to produce a good a labeling. Here we assume
that G is a regular graph. Using standard arguments, all re-

sults can be generalized to the case of non-regular graphs.
A proof of the lemma can be found in Section 2.2.

LEMMA 2.1 (GLOBAL CORR. = HIGH VALUE).
The expected fraction of constraints satisfied by the labeling
Aaig computed by the rounding procedure is

Ep—r[val(Aag) ] > 1 =310 — 6Euvev[p(u,v)].
It is easy to see that if the SDP value is 1 — 7 then the
average correlation on edges is high. For an edge e = (u,v)

. 2
in G, let ne = %Eie[k] ||uz —Vmw(z‘)H . Note, Ec[ne] = 7.
Then we have

1
p(u,v) = FBiep |ui - Vouu@|” = 1= Bieng (Wi, Vo)
<1 —=Eiep (Wi, V(i) = Ne

(since oyv is a max-weight matching).

As mentioned in the overview, we show that high correlation
on edges implies (when the constraint graph is an expander)
high correlation on the average pair of vertices. The main
technical contribution in this proof is a way to view a vector
solution to the above SDP as a vector solution for SPARSEST
Cut. This involves mapping any sequence of k vectors to
a single vector in a nicely continuous way, which allows us
to show that the distances p(u,v) essentially behave like
squared Euclidean distances. We defer the proof of the next
lemma to Section 2.3.

LEMMA 2.2 (Low DISTORTION EMBEDDING OF p).
For every positive even integer t and every SDP solution
{wituev,ic), there exists a set of vectors {Vu}ucy such
that for every pair u,v of vertices

i Hvu - VvH2 < P(U:U) < ||Vu - Vv”2 + O(z_t/Q)-

COROLLARY 2.3 (LocAL CORR. => GLOBAL CORR.).

Euvev|p(u,v)] < 2tn/A+ 0(272).

ProOF. We use the following characterization of A for
regular graphs G

E(uver [2u — 2|

Eu,'UGV ||Zu - Zv”2 ’

(7)

A = min

where the minimum is over all sets of vectors {zu}uev.
This characterization also shows that A scaled by



n*/|E| is a relaxation for the SPARSEST CUT problem
mingzscv [E(S,5)|/1S]|S| of G . Now using the previous
Lemma we have

Euvev[p(u,v)] < Eyvev [V — Vv||2 + 0(2*1/2)
1EBwwen [Vu = Vo|? + 02777
< HE(uwenlp(u,0)]+ 02777,

<

a

By combining the Corollary 2.3 and Lemma 2.1, we can show
the following theorem.

THEOREM 2.4  (IMPLIES THEOREM 1.1). There is a
polynomial time algorithm that computes a labeling A with

val(A) >1-0 (g log (%))
if the optimal value of the SDP in Figure 1 forU is 1 —n.

Proor. By Corollary 2.3 and Lemma 2.1, the labeling
A satisfies a 1—O(tn/A+27"/?) fraction of the constraints
of U. If we choose ¢ to be an integer close to 2log(A/n), it
follows that opt() > 1 — O(% log(%)). Since the rounding
procedure R can easily be derandomized, a labeling A with
val(A) > 1 -0(3 log(%)) can be computed in polynomial
time. [

We can show that the integrality gap (in terms of expansion)
implied above is tight up to a logarithmic factor. The next
theorem can be derived using the techniques in [15, 7]. The
proof is deferred to Appendix A.3.

THEOREM 2.5. For every n > 0 small enough and for
every n large enough, there is a UNIQUE GAMES instance Uy
on ©(log(n)) labels and a constraint graph with A\ = Q(n),
such that (1) opt(Uy,) < 1/log"n, and (2) there is an SDP
solution for U, of value at least 1 — O(n).

The next theorem shows that, assuming UGC, the approx-
imation guarantee of Theorem 2.4 cannot be improved by
more than a constant factor. The proof is deferred to Ap-
pendix A.3.

THEOREM 2.6. Assuming UGC, for every n,d > 0, there
exists k = k(n,d) such that for a UNIQUE GAMES in-
stance U = (G(V, E), [k], {Tuv } (u,v)er) it is NP-hard to dis-
tinguish between

o YES Case: opt(U) > 1—mn,
e NO Case: opt(d) < 6 and A > Q(n).

2.3 Proof of Lemma 2.1

We consider the labeling Aag computed by the random-
ized rounding procedure R. Recall that Aug(v) = oue(%)
where the vertex u is chosen uniformly at random and the
label i is chosen with probability proportional to |lu;||>. For
notational ease we assume that o, is the identity permu-
tation and o, is the inverse permutation of ¢,,. The fol-
lowing claim gives an estimate on the probability that the
constraint between an edge e = {v,w} is satisfied by Aaig.
Here we condition on the choice of u.

CLAIM 2.7. For every vertex u and every edge e = (v, w),
Pra,y, [Aag(w) # mo,w(Mag(v)) [u] < 3 - (p(u,v) + ne +
p(w, u)).

Proor. We may assume that both oy, and o, are
the identity permutation. Let m = my,. First note

Pra,, [Aaig(w) # T(Aaig(v)) [u] = Eiepy [”ui”QXiy&w(i)} )
where y¢ denotes the indicator random variable for an event
£. By orthogonality of the vectors {u;},c(x), it follows that

Eicw) [l Xizr(n] < $Bicp) [(Hm‘”2 + Huwmﬂz) Xi#«(i)]
= 1Bicp [Jws — wny |*

By triangle inequality, ||u1 — Uy H < ag = v +

Hvi —WW(,')H + ||w7r(,-) — Ur(i) |- Now we square

both sides of the inequality and take expecta-

tions, Ejep ||ui — uw(i)H2 < BBy lwi —vil* +
2 2

BBicpy [[Vi = Wao|” + 3Biepy [Wri) — tao| =

6p(u,v) + 6me + 6p(w,u). O

PROOF OF LEMMA 2.1. From Claim 2.7 it follows

EAalg [Val(Aalg)] Z 1_3EUGVE6:(UW)€E [p(ua 1)) + Ne + p(wa U)] .

Since G is a regular graph, both (u,v) and (w,u) are
uniformly distributed over all pairs of vertices. Hence
Ex lg:[vaI(Aa]g)] >1—-3n—6E,vev]p(u,v)]. O

a

2.4 Proof of Lemma 2.2; the tensoring trick

Let t be an integer greater than or equal to 4, and
{u;}uev,iepr be an SDP solution for . Define u; = mui
and V, = ﬁ e Nl u®", where ®t denotes t-wise ten-
soring. Notice that the vectors V, are unit vectors. Con-
sider a pair u, v of vertices in G. The following claim implies
the lower bound on p(u,v) in Lemma 2.2.

CrAamMm 2.8. HVu — VUHQ <t- Eie[k] Huz — V(,uv(i)H2
PROOF. Since V, is a unit vector for each wu, it suffices

to prove (Vy, V,) > 1 —tp(u,v). Let 0 = ouy. By Cauchy-
Schwarz,

FEllllveel < £ (o hwlP) Y (S v I17) % < 1.

Thus there is some a > 1 such that the following ran-
dom variable X is well-defined: it takes value <ﬁi,VU(i)>
with probability a - ||uil|[[vo(s)l|. By Jensen’s Inequality,
(E[X])! < E[X"]. Hence,

1—p(u,0)t < (1= p(u,v))" = (Biepy [[[willlIVoe || (T, ¥or)])
= (E[X/a])" < (B[X]) /o
<E[X'/a] = (Vu, V).

This proves the claim. [

Matching between two label sets.

In order to finish the proof of Lemma 2.2, it remains to
prove the upper bound on p(u,v) in terms of the distance
[V. — V,||°. For this part of the proof, it is essential that
the vectors V,, are composed of (high) tensor powers of the
vectors u;. For a pair u, v of vertices, consider the following
set of label pairs

M = {(i,5) € [k] x [k] | (W, ¥;)* > 1/2}.

Since {Wi}iek) and {¥V;};em are sets of ortho-normal vec-
tors, M as bipartite graph between the labels for v and the
labels for v is a (partial) matching, that is, every label for u



has at most one neighbor among the labels for v. Let o be
an arbitrary permutation of [k] that agrees with the M on
the matched labels, i.e., for all (z,j) € M, we have o(i) = j.
The following claim shows the upper bound on p(u,v) of
Lemma 2.2.

CramMm 2.9.

1 1
5 Biek) [ws = voeol” < 3

PROOF. Let § = ||V, — V,|°. Note that

£ Iwllllvsll (wi, v5)" =1 - 6/2. (8)

4,7

IVa = Vo[> +027"/%).

We may assume that o is the identity permutation. Then,
p(u,v) is at most

1Eicq lwi — vil|? =1 — Eicpy (wi, vi)

<1= 257 | Ivall (@, %)
T (using (g, vi) > 0)
=0/24 > [lwllllv; | (@, 9,)"

i (by (8))
=46/2+ (p,Aq),

where p; = —=|luill, ¢; = ZZllvill, Ais = 0, and for i # j,
A;; = (1;,¥;)". Since both p and q are unit vectors, (p, A q)
is bounded by the largest singular value of A. As the matrix
A has only non-negative entries, its largest singular value is
bounded by the maximum sum of a row or a column. By
symmetry, we may assume that the first row has the largest
sum among all rows and columns. We rearrange the columns
in such a way that Ai; > A2 > ... > Ajk. Since U is a
unit vector and {¥;} ;¢ is a set of orthonormal vectors, we
have } (1;,v;)? < 1. Hence, (1;,¥;)* < 1/ and therefore
Ay < (1/4)2. On the other, every entry of A is at most
2742 since all pairs (i,4) with (T;,v;)> > 1/2 participate
in the matching M, and hence, A;; = 0 for all 4,j with
(U;,¥;) > 1/2. Tt follows that the sum of the first row can
be upper bounded by

Z A < An +Z(%)t/2 < 9t/ Jrz(%)t/z — 027,
JE[k]

jz2 Jj=2

We conclude that the largest singular value of A is at most
0(24/2)7 and thus p(u,v) can be upper bounded by 6/2 +
o2 Y = LIVe = V|| + 0(27%?), as claimed. [

3. STRONGER RELAXATIONS

In this section, we consider stronger SDP relaxations
for UNIQUE GAMES and for SPARSEST CUT. A system-
atic way to obtain stronger relaxations is provided by SDP
hierarchies. We choose to state our results in terms of
Lasserre’s SDP hierarchy [16, 17]. The results in this
section apply only to a special case of UNIQUE GAMES,
called TMAX2LIN. We say a UNIQUE GAMES instance
U = (G(V,E), k], {Tuv}(u,v)er) has TMAX2LIN form, if
the label set [k] can be identified with the group Zj in
such a way that every constraint permutation m,, satisfies
Tuw (i +8) = Tuw (i) +5 € Zy, for all s,4 € Zy. In other words,
Two encodes a constraint of the form z, — T = cuv € Zgi.

The 'MAX2LIN property implies that we can find an opti-
mal SDP solution {u;},;cx) for U that is shift-invariant, i.e.,
for all s € Zj, we have (wiys, Vj+s) = (i, v4). In particular,
every vector u; has unit norm.

Alternative Embedding for TMAX2LIN.

The following lemma can be seen as alternative to
Lemma 2.2. We emphasize that the lemma only holds for
T'MAX2LIN instances and shift-invariant SDP solutions.

LEMMA 3.1. Let Aops be a labeling for U with val(Aopt) =
1 —e. Then the set of vectors {Vytuev with V, = up
has the following two properties:

opt (u)

1. p(u,v) < 5[ Vu — Vo ||? for every pair u,v of vertices

2. 1Buer |[Vu = Vo|* <n+2e

Together with Lemma 2.1, the above lemma implies that the
randomized rounding procedure R computes a labeling that
satisfies at least a 1 — O(e/)) fraction of the constraints of
U, whenever opt(U) > 1 —e. In this sense, the above lemma
allows to prove the main result of this paper for the special
case of 'MAX2LIN.

ProOOF. Item 1 holds, since, by shift invariance,

p(u,v) = LEicpy |[ui — Voo, || =
< [ Uaopew) = Vaop ]| -

Here we could assume, again by shift invariance, that
HUi - v(,w(i)H2 = min; |Ju; — v,||* for all i.
It remains to verify Item 2. By shift invariance,

1 2 1 2
Muv = 3Bicpy [0 = Vo] = 3 [Wacp = Vru opeann |-
Hence, if Aopt satisfies the constraint on an edge (u,v) €
E, then %HVu—VUH2 = Nuw- On the other hand,

Ve — V., |?> < 2 because every vector V,, has unit norm.
Finally, since a 1 —¢ fraction of the edges is satisfied by Aopt,

1
E(u,v)€E§ HVu - VU||2 S (1 - 5) : E(u,v)EE[nuv] +e- 2.

O

Stronger Relaxations for SPARSEST CUT.

Let r be a positive integer. Denote by Z the set of all sub-
sets of V' that have cardinality at most r. For every subset
I € Z, we have a variable x;. We consider a strengthening
of the spectral relaxation for SPARSEST CuT (Figure 2).

E(u,v)eE ||Zu - Z'u”2

Minimize
Eyvev ||Zu —Zy ||2

9)

Subject to

VI, JeZ, VI, J eI (x1,%x7) = (xp/,x 1) (10)
fruJ=1uJ
x{u} = Zy (11)

I%q]* = 1 (12)

VueV, Vie k]

Figure 2: Stronger relaxation for SPARSEST CUT.

% Hqupt(u) T Vouu(Aopt (u)) ||2



The variables x; are intended to have values 0 or 1, where
1 is some fixed unit vector. If the intended cut is (5,.5), we
would assign 1 to all variables X{u} = Zu with u € S. The
variables x; are relaxations of boolean variables x;. The
intended value of xr is the product of the variables z¢, t € I.

Let z-(G) denote the optimal value of the SDP in Figure 2.
We have

A<21(G) ... <z (G) = % min M
o252V [S[[S]

It can also be seen that the relaxation z3(G) is at least as

strong as the relaxation for SPARSEST CUT considered in

[2]. The relaxations z,(G) are inspired by Lasserre’s SDP

hierarchy [16, 17].

The proof of the following theorem is similar to the
proof of Theorem 2.4. The main difference is that we use
Lemma 3.1, instead of Lemma 2.2, in order to show that lo-
cal correlation implies global correlation. By strengthening
the SDP for UNIQUE GAMES, the vectors V, obtained from
Lemma 3.1 can be extended to a solution for the stronger
SDP for SPARSEST CuUT in Figure 2. This allows us to re-
place the parameter A by the parameter z,(G) in the below
theorem.

THEOREM 3.2. There is an algorithm that computes in
time (kn)°) a labeling A with

val(A) > 1 - 0(e/z-(Q))
if opt(U) > 1 — & and U has TMAX2LIN form.

The proof of the above theorem is deferred to Appendix A.1.

4. PARALLEL REPETITION FOR
EXPANDING UNIQUE GAMES

In this section, we consider bipartite unique
games, i.e., UNIQUE GAMES instances U =
(G(V, W, E), k], {Tvw}(w,w)er) such that G(V,W,E) is
a bipartite graph with bipartition (V,W). A bipartite
unique game can be seen as a 2-prover, l-round proof
system [9]. The two parts V,W correspond to the two
provers. The edge set F corresponds to the set of questions
asked by the verifier to the two provers and m,, is the
accepting predicate for the question corresponding to the
edge (v, w).

In this section, we give an upper bound on the amortized
value G(U) = sup, opt(U®")Y/" of bipartite unique game
U in terms of the expansion of its constraint graph. Here
U®" denotes the game obtained by playing the game U for
r rounds in parallel. We follow an approach proposed by
Feige and Lovész [9]. Their approach is based on the SDP
in Figure 3, which is a relaxation for the value of a bipartite
unique game. Let 5(U) denote the value of this SDP relax-
ation. The following theorem is a consequence of the fact
U =FU)".

THEOREM 4.1
U, oh) <ad).

([9]). For every bipartite unique game

We observe that the SDP in Figure 1 cannot be much
stronger than the relaxation (U). The proof mostly uses
standard arguments. We defer it to Appendix A.2.

LEMMA 4.2. If5(U) = 1—n then the value of the SDP in
Figure 1 is at least 1 — 2.

Maximize E(,w)epBicx] <v,~,w,rvw(i)> (13)

Subject to
VveV, weW, i,j€ k] (vi, wj) >0(14)
VoeV, v ev i [(vi, Vil < k(15)
VweWw, w eWw Zj7j,|<wj,w;-/> < k(16)

Figure 3: Feige-Lovasz SDP for UNIQUE GAMES

THEOREM 4.3. IfU is 2-prover 1-round unique game on
alphabet [k] with value at most 1 —¢, then the value U played
in parallel for v rounds is at most (1 — Q(e - A/log ))",
where G is the graph corresponding to the questions to the
two provers. In particular, the amortized value W(U) is at
most 1 —Q(e- A/log 1).

PrOOF. Following the approach in [9], it is sufficient to
show o(U) <1 —Q(eX/log1). Suppose that o) =1 —n.
Then by Lemma 4.2, the value of the SDP in Figure 1 is at
least 1 — 2n. By Theorem 2.4, it follows that opt(i{) > 1 —
O(nlog %/x\) On the other hand, opt(i/) < 1—¢. Hence, € =

O(nlog %/A) and therefore n = Q(Aelog 1), as claimed. [J

S.  ON REDUCTIONS TO SPARSEST CUT

Let us return to the main motivation of this paper,
namely, the possibility of a reduction from UNIQUE GAMES
to SPARSEST CUT. As remarked in the Introduction, for
such a reduction to work, we need to assume, at the very
least, that the UNIQUE GAMES problem is hard even when
the constraint graph has some expansion. The question is
how much (and exactly what kind of) expansion is required
to prove inapproximability of SPARSEST CUT and whether
one can expect UNIQUE GAMES to be hard with the required
expansion, in light of Theorem 1.1.

Let us focus on the size of balanced cuts (say (15, 15)-
balanced cuts) as a measure of expansion. As the algorithm
in Theorem 1.1 shows, when A > 7, the problem is easy.
In terms of balanced cuts, the algorithm shows that the
problem is easy when every balanced cut in G has size > /7.
Thus if we were to hypothesize that UNIQUE GAMES are
hard with expansion, we could only hypothesize hardness
on instances where every balanced cut is of size at least n’
for some t > % Would such a hypothesis be enough to prove
inapproximability of SPARSEST CuT? We do not know the
answer, though we can prove inapproximability of SPARSEST
CuT under a somewhat stronger hypothesis (we omit the
proof; the reduction is same as in [15]):

HypPOTHESIS 5.1. For some fized t, % <t <1, for every
n,0 > 0, there exists k = k(n,d) such that for a UNIQUE
GAMES instance U with k labels, it is NP-hard to distinguish
between:

e YES Case: opt(U) > 1—n.

e NO Case: opt(Ud) < ¢ and for any partition of V into

three sets A, B,C, such that |C| < % and |A|, |B| >
V]

1o, there are at least n' fraction of the edges between
the sets A and B.

THEOREM 5.2. If Hypothesis 5.1 is true, then for any
n > 0, it is NP-hard to distinguish whether a given graph



H has a balanced cut of size at most n, or every balanced
cut is of size at least n*. In particular, the BALANCED SEP-
ARATOR problem, and therefore the SPARSEST CUT problem,
is hard to approximate within any constant factor.
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APPENDIX
A. DEFERRED PROOFS

A.1 Stronger relaxations

PRrROOF OF THEOREM 3.2. We consider a strengthening
of the UNIQUE GAMES SDP that is obtained by adding con-
straints similar to the constraints (11), (11), and (12). Let
Zo be the set of all possible subsets of V' x [k] that have
cardinality at most r. For every subset I € 7y, we introduce
a new variable y; to the SDP in Figure 1. We include the
following additional constraints.

VI,JeTy, VI, J €Iy (yr,ys5) = {yr.ys) (17)

ifruJ=ruJ

YueV, Vie [k Y (i) = 5 Wi (18)
lyol* =1 (19)

The resulting SDP is still a relaxation for UNIQUE GAMES,
since all additional constraints are valid for the case that all
u; are either 0 or Vk1 for some fixed unit vector 1. Since
U has TMAX2LIN form, we can find a shift-invariant opti-
mal vector solution {u;},ecv,iciy) to the SDP. Note that an
(approximately) optimal solution to the SDP can be com-
puted in time (kn)om. Suppose the value of the solution



is 1 —n. Let V, = UA o (u) for some labeling Aopt with
val(Aopt) > 1 —e.

We claim that

1
zr(G)
is sufficient to show that the vectors z, := V, can be
extended to a solution for the SDP in Figure 2, that is,
we need to exhibit vectors x; for I € Z that satisfy the
constraints (11) and (11). Note, the last constraint (12)
is not essential, since it can always be enforced by scaling
the solution by a suitable factor (this does not change
the objective value (9)). We can choose the vectors x; as
x1 = Vkys(r), where ¢(I) = {(u, Aopt(u)) | u € T} € To.

The claim, together with Lemma 3.1, implies

Eu,vEV[p(u7 U)] S %Eu,vEV ||Vu - VU||2

2
S #(G)E(u,v)eE ||V’LL - V’UH

(n+2¢)/2-(G).

By Lemma 2.1, the rounding procedure R from Section 2.2
allows us to compute a labeling A such that val(A) > 1 —
6n—12E, vev|p(u,v)] > 1-50e/2-(G). Here it is important
to note that the rounding procedure R does not depend on
the vectors V,,. The existence of these vectors is enough to
conclude that the rounding procedure succeeds. [

A.2 Parallel Repetition

PRrROOF OF LEMMA 4.2. Let {u;}uevuw,icix) be an op-
timal solution to the SDP in Figure 3. We have
EwwerBicw (Vi, Wr,u@)) =1 — 1.

We first show how to obtain a set of vectors
{ui}uevuw,ici) that satisfies constraints (2) and (3) and
has objective value E(y w)epEicp] (Vi, Wr, ;) = 1 —1n. Let

su=1—13, | {ui,u;)| > 0. For every vertex u € V and
label i € [k], let f,; € RFI*XK] be the vector defined by

fu,l(/L?Z) =V Su, V.jmj, ?é i. fu,i(j7j,) = 0’
Vi A fuii,g) = =] (wi,uy) |V,

2

Eu,vGV HVu - ‘/v”2 S
E(uvyer |[Vu — Vu|*. In order to show the claim it

IA

V3 # i (G 6) = —J5 (Wi, ug) /| (s, ug) V2

Note that (fu:,fu;) = — (ui,u;) for i # j, and (f.;,fu:) =
Su+ 2| (wisuy) [ Now let {xu,i}uev,ie be a set of
vectors such that (Xu,i,Xu,j) = (fui, fu,j) but (Xui,Xv,;) =
0 for u # v. Let {ui}uev.icix) be the set of vectors with
U, = w; @ Xy,i- The value of the objective function has
not changed, since (uj,vj) = (u;,v;) for distinct vertices
uw and v. On the other hand, vectors (uj,u}) = (u;,u;) +
(o0, Fug) = 0 for i # j, and Y1, [ui|® = T, wl® +
|f..:]|> = k. Hence the vectors u] satisfy the constraints (2)
and (3).

It remains to show how to obtain a set of vectors that satis-
fies the non-negativity constraint (4) and that has objective
value at least 1 —2n. By the previous paragraph, we can as-
sume that the vectors u; already satisfy the constraints (2)
and (3). Now consider the set of vectors {Qi}uevuw,icix]

with @; = ||u;||a®?. The vectors 1@; still satisfy the con-
straints (2) and (3). They also satisfy constraint (4), because
(@3, %) = |Jw|| ||v;]| (@i, ¥;)® > 0. We can use the same rea-

soning as in the proof of Claim 2.8 to show that the objective
value E¢, wye 5 Bicn) (Vi, Wr, ., (i) = 1—27. Specifically, this
lower bound follows from the fact (E;ep(Vi, Way, (1)) <
Eicio)(Vi, W, (1)) O

A.3 Integrality gap and UGC hardness

PROOF OF THEOREM 2.5. (Sketch) In [15] it is shown
that for every n > 0 small enough and for every n large
enough, there is a UNIQUE GAMES instance U, on k =
O(log(n)) labels and a constraint graph with n vertices, such
that (1) opt(Uy) < O(1/log" n), and (2) there is an SDP so-
lution for U, of value at least 1 — O(n). The instances U,
constructed in [15] are regular. We normalize the weights
of the constraints such that the weighted degree of every
vertex is equal to 1. Now consider the instance L{T', obtained
by adding k additional constraints between every pair of
vertices. Every new constraint has weight n/k(n — 1). For
every vertex u, the new constraints contribute weight 1 to
the weighted degree of u. For every pair (u,v) of vertices,
we choose the permutations for the new constraints in such
a way that every assignment satisfies exactly one of the new
constraints between (u,v). For example, we can use the
k cyclic shifts as permutations. Notice that the SDP so-
lution for U, still has value at least 1 — O(n) for our new
instance U,. Also, opt(U,) < 1/log"n + n/k = O(log" n).
On the other hand, the normalized eigenvalue gap A of the
constraint graph of U, is (n). This can be seen from the
variational characterization (7) of A\. The nominator is al-
ways at least an Q(n) fraction of the denominator. [J

PROOF OF THEOREM 2.6. (Sketch) We can use essen-
tially the same reduction as in the above proof of Theo-
rem 2.5. Let € > 0 be a small enough constant. The UGC
asserts that there exists a k = k(e) such that it is NP-hard
to distinguish between UNIQUE GAMES instances of value at
least 1 — ¢ and instances of value less than €. We show a
reduction from this problem to the problem of distinguish-
ing between UNIQUE GAMES instances with value at least
1 — 27 and instances of value less than 2¢, under the addi-
tional promise of A > n/(1+4 7). Let U be a UNIQUE GAMES
instances on n vertices. By Lemma 1.5 in [5] we can assume
that every vertex in U has weighted degree 1. As before, we
obtain a new UNIQUE GAMES instance U’ by adding k new
constraints between every pair of vertices, each of weight
n/k(n —1). We can choose the new constraints in such a
way that only a 1/k fraction of them can be satisfied simul-
taneously. Notice that U’ has A > n/(1 + n). This follows
from the characterization (7), since a /(1 + n) fraction of
the edges in U’ form a complete graph. On the other hand,
the reduction does not change soundness and completeness
by too much. If &/ has value less than e, then I/’ has value
less than 2. If I has value at least 1 — ¢, then U’ has value
at least 1 —2n. [



